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We propose a new type of radiative seesaw model in which observed neutrino
masses are generated through a three-loop level diagram in combination with tree-
level type-II seesaw mechanism in a renormalizable theory. We introduce a Non-
abelian flavor symmetry T7 in order to constrain the form of Yukawa interactions and
Higgs potential. Although several models based on a Non-abelian flavor symmetry
predict the universal coupling constants among the standard model like Higgs boson
and charged leptons, which is disfavored by the current LHC data, our model can
avoid such a situation. We show a benchmark parameter set that is consistent with
the current experimental data, and we discuss multi-muon events as a key collider
signature to probe our model.
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2I. INTRODUCTION
A new boson has been discovered at Large Hadron Collider (LHC), whose properties
of the production and decay are consistent with those of the Higgs boson in the standard
model (SM) [1, 2]. This fact, the observed particle is the SM-like Higgs boson (h), could
seriously affect to models for the charged lepton with flavor symmetries [3–5], since some
models could be ruled out. As a typical example, we show models based on Non-abelian
discrete symmetries such as A4
1, TN [9], ∆(27) [10, 11], Σ(81) [12, 13], that only have
the irreducible representations of singlets (typically introduced as Higgs fields) and triplets
(typically as leptons). The Lagrangian is then given by
L =
3∑
k=1
ykΦk(L¯eeR + ω
kL¯µµR + ω
2kL¯ττR) + h.c., (I.1)
where Φk, Li and (eR, µR, τR) are the isospin Higgs doublet, isospin lepton doublet and
isospin lepton singlet fields, respectively, and ω = exp(2πi/3). The mass matrix for the
charged leptons Mℓ are then calculated from Eq. (I.1) as
Mℓ =
1√
2
diag(y1v1 + y2v2 + y3v3, y1v1 + ωy2v2 + ω
2y3v3, y1v1 + ω
2y2v2 + ωy3v3)
= diag(me, mµ, mτ ), (I.2)
where 〈Φk〉 = vk/
√
2. By solving Eq. (I.2), the Yukawa couplings can be derived as
y1v1 =
√
2
3
(me +mµ +mτ ), y2v2 =
√
2
3
(me + ω
2mµ + ωmτ ),
y3v3 =
√
2
3
(me + ωmµ + ω
2mτ ). (I.3)
Although the Lagrangian shown in Eq. (I.1) gives the simple structure for the generation
of the charged lepton masses as we see in Eqs. (I.2) and (I.3), this results that all the
coupling constants among the charged leptons and the CP-even scalar component of Φk
are determined by the same Yukawa coupling yk. That makes the branching fractions of
h → τ+τ−, h → µ+µ− and h → e+e− modes to be the same with each other, where h is
the mass eigenstate of the CP-even states with the mass of 126 GeV identified to any of Φk.
1 The A4 flavor symmetry was initially applied to the lepton sector in Ref. [6, 7], in which the structure of
the charged lepton does not have the universal coupling. However [8] has those.
3Such a situation is extremely disfavored by the current results of the Higgs boson search at
LHC, namely, the event rate for pp → h → τ+τ− is almost the same as that in the SM,
while the event of pp→ h→ µ+µ− has not been observed yet2.
In the present paper, we clarify the relation between the lepton sector and the Higgs
sector in the T7 flavor symmetry [14–17]. As for the neutrino sector, two mechanisms
of type-II seesaw [18] and radiative seesaw with several loops3 are involved to induce the
neutrino observables. Especially, our scenario requires up to a specific three-loop diagram
that gives diagonal components to neutrino mass matrix, while the off-diagonal components
are obtained through the type-II seesaw mechanism at tree level. As for the Higgs sector,
we consider the whole Higgs potential and derive all the masses of the Higgs bosons. We
then analyze the behavior of the SM-like Higgs boson, by fixing a benchmark point. Our
analyses of the Higgs fields could be applied to many models, e.g. lepton flavor models with
Non-abelian discrete symmetries. Since the Higgs sector in the present model is similar to
that of the Type-X or lepton specific two Higgs doublet model (THDM) [19, 20], constraints
from hadron collider experiments are rather weak. We give a numerical example, in which
decay modes of the second lightest CP-odd, -even and charged Higgs bosons are mainly
muons. This will be signals of the present model.
This paper is organized as follows. In Section 2, we show particle contents of our model,
and discuss Higgs boson masses and neutrino masses generated at tree and three- loop level.
In Section 3, we analyze phenomenology of Higgs bosons. We summarize and conclude in
Section 4. In appendices, some results of detailed calculations for the Higgs sector and
radiatively induced neutrino masses are given.
II. THREE LOOP RADIATIVE SEESAW MODEL
In this section, we propose a three-loop radiative seesaw model which is an extension of
the minimal Higgs triplet model motivated from the type-II seesaw mechanism [18]. First,
we give particle contents and Yukawa interactions. After that, masses for the Higgs bosons
and neutrinos are discussed.
2 From the current LHC data, σ(pp→ h→ µ+µ−)SM× 10 has been excluded at 95 % confidence level [21].
3 As for the other radiative seesaw models, see Refs. [22–56].
4A. Model setup
Particle La eaR Qi diR uiR Φa ∆a ηa Φq
(SU(2)L, U(1)Y ) (2,−1/2) (1,−1) (2, 1/6) (1,−1/3) (1, 2/3) (2, 1/2) (3, 1) (2, 1/2) (2, 1/2)
T7 3¯a 3a 10 10 10 3¯a 3¯a 3a 10
Z2 + + + + + + + − +
Z3 0 0 0 −1 +1 0 0 0 +1
TABLE I: The particle contents, where a runs 1 to 3.
The particle contents are shown in Tab. I. We add three SU(2)L triplet scalar fields ∆a,
three SU(2)L doublet scalar fields ηa, Φa (a = τ, e, µ), and an SU(2)L doublet scalar field
Φq, where ηa do not have the vacuum expectation values (VEVs). The Z2 parity is imposed
so as to forbid terms such as L¯ηeR. The Z3 parity is introduced in order to avoid couplings
among Φq and leptons. The renormalizable Lagrangian of Yukawa interactions is given by
LY = yℓ[L¯eΦeeR + L¯µΦµµR + L¯τΦττR] + h.c. (II.1)
+ yijd Q¯
iΦqd
j
R + y
ij
u Q¯
iΦ˜qu
j
R + h.c. (II.2)
+ y∆[(Lcµiτ2∆τ + L
c
τ iτ2∆µ)Le + (L
c
τ iτ2∆e + L
c
eiτ2∆τ )Lµ
+ (Lceiτ2∆µ + L
c
µiτ2∆e)Lτ ] + h.c.. (II.3)
Four doublet Higgs fields and three triplet Higgs fields can be parameterized as
Φq =

 φ+q
1√
2
(hq + vq + izq)

 , Φa =

 φ+a
1√
2
(ha + va + iza)

 , (II.4)
∆a =

 ∆+a√2 ∆++a
∆0a −∆
+
a√
2

 , with ∆0a = 1√
2
(∆Ra + v∆a + i∆
I
a), a = e, µ, τ, (II.5)
where va and vq are the VEVs for the doublet fields and v∆a are those for the triplet fields,
which satisfy the sum relation∑
a
(v2a + 2v
2
∆a) + v
2
q = v
2 = (246 GeV)2. (II.6)
The VEVs of the doublet Higgs fields Φa are related to the charged lepton mass matrix from
Eq. (II.1) as
Mℓ =
yℓ√
2
diag(ve, vµ, vτ ) = diag(me, mµ, mτ ), (II.7)
5which is already diagonal and has the common Yukawa coupling yℓ due to T7 symmetry.
Mass hierarchy between charged leptons should be explained by the hierarchy of VEVs.
We note that the masses of quarks are generated by vq in the same way as in the SM. On
the other hand, the triplet VEVs generate neutrino masses. Non-zero values for the triplet
VEVs cause the deviation in the electroweak rho parameter ρ from unity as
ρ =
v2
v2 + 2
∑
a v
2
∆a
≃ 1− 2
∑
a v
2
∆a
v2
. (II.8)
Because the experimental value of ρ is given as ρexp = 1.0004
+0.0003
−0.0004, the triplet VEVs are
constrained by
∑
a v
2
∆a to be about (3.8 GeV)
2 at the 95% confidence level. Thus, the sum
relation given in Eq. (II.6) can be approximately rewritten by
v2 ≃ v2τ + v2q . (II.9)
The ratio of the above two VEVs can be described as tanβ ≡ vq/vτ .
B. Higgs boson masses
Next, we discuss the Higgs potential, especially for the Z2 even scalar sector assuming
CP conservation. The T7 invariant Higgs potential is given by
VHiggs = m
2
1Φ
†
aΦa +m
2
2Φ
†
qΦq +m
2
3Tr(∆
†
a∆a)
+ µ(ΦTµ iτ2∆
†
τΦµ + Φ
T
τ iτ2∆
†
eΦτ + Φ
T
e iτ2∆
†
µΦe + h.c.)
+ µη(η
T
1 iτ2∆
†
2η3 + η
T
2 iτ2∆
†
3η1 + η
T
3 iτ2∆
†
1η2 + h.c.)
+ λℓ1(Φ
†
aΦa)
2 + λq(Φ
†
qΦq)
2 + λqℓ1(Φ
†
aΦa)(Φ
†
qΦq)
+ λ±(|Φ†τΦe|2 + |Φ†eΦµ|2 + |Φ†µΦτ |2) + λqℓ2|Φ†aΦq|2
+ λℓ2(Φ
†
τΦτ + ω
2Φ†eΦe + ωΦ
†
µΦµ)(Φ
†
τΦτ + ωΦ
†
eΦe + ω
2Φ†µΦµ), (II.10)
where terms with the index a should be summed over a = τ, e, µ. In addition to the above
terms, we introduce the following soft terms which break the T7 symmetry into Z3 symmetry;
Vsoft = m˜
2
1aΦ
†
aΦa + m˜
2
3aTr(∆
†
a∆a) + m˜
2
Φ(Φ
†
eΦµ + Φ
†
µΦτ + Φ
†
τΦe + h.c.)
+ µ˜(ΦTq iτ2∆
†
aΦq + h.c.). (II.11)
6The potential given in Eqs. (II.10) and (II.11) is not the most general form, where we
only write down terms which are relevant to the following phenomenological studies4. The
complete expressions for the Higgs potential are given in Appendix A. We note that the µ˜
term is necessary to break an accidental U(1) symmetry of the phase rotation Φq → eiθΦq,
otherwise there exists an additional massless Nambu-Goldstone (NG) boson that cannot be
absorbed by a gauge field. It implies that the mass scale of µ˜ must be O(100) GeV at most,
since µ˜ plays an important role in obtaining mass of the lightest CP-odd Higgs boson in
Eq. (II.16). The LHC experiment tells us that its mass must be more than 100 GeV as we
will discuss in the section III.
From the tadpole condition, we obtain
m˜21e +m
2
1 = −
vµ + vτ
ve
m˜2Φ −
1
2
[
λqℓv
2
q + 2λℓv
2
e + (2λℓ1 − λℓ2 + λ±)
(
v2µ + v
2
τ
)]
+
√
2µv∆µ,
m˜21µ +m
2
1 = −
vτ + ve
vµ
m˜2Φ −
1
2
[
λqℓv
2
q + 2λℓv
2
µ + (2λℓ1 − λℓ2 + λ±)
(
v2τ + v
2
e
)]
+
√
2µv∆τ ,
m˜21τ +m
2
1 = −
ve + vµ
vτ
m˜2Φ −
1
2
[
λqℓv
2
q + 2λℓv
2
τ + (2λℓ1 − λℓ2 + λ±)
(
v2e + v
2
µ
)]
+
√
2µv∆e,
m22 = −λqv2q −
1
2
λqℓ
(
v2τ + v
2
e + v
2
µ
)
+
√
2µ˜ (v∆τ + v∆e + v∆µ) ,
m˜23e +m
2
3 =
√
2(µv2τ + µ˜v
2
q )
2v∆e
,
m˜23µ +m
2
3 =
√
2(µv2e + µ˜v
2
q )
2v∆µ
,
m˜23τ +m
2
3 =
√
2(µv2µ + µ˜v
2
q )
2v∆τ
, (II.12)
where λℓ ≡ λℓ1 + λℓ2 and λqℓ ≡ λqℓ1 + λqℓ2.
There are seven (six) physical CP-even (CP-odd) scalar bosons, six pairs of singly-charged
scalar bosons and three pairs of the doubly-charged scalar bosons in addition to the neutral
G0 and the charged G± NG bosons which are obtained after the diagonalization and absorbed
by the longitudinal component of the Z and W bosons, respectively. The mass matrix for
4 Most of terms which are not displayed in Eqs. (II.10) and (II.11) are not important from the following
reasons. First, they can contribute to masses for scalar bosons with the magnitude of O(v2∆). Such a
contribution can be negligible, because of v∆ ≪ v. Second, they give masses for Z2 odd scalar bosons,
which are not related to the following discussions.
7the CP-even Higgs bosons in the basis of (hq, hτ , hµ, he,∆
R
τ ,∆
R
µ ,∆
R
e ) is given by
M2R =

 M2ΦR M2ΦR∆R
(M2ΦR∆R)
T M2∆R

 , (II.13)
where M2ΦR, M
2
∆R
and M2ΦR∆R are the sub-matrices of M
2
R, which are 4× 4, 3× 3 and 4× 3
forms, respectively. They can be expressed as
M2ΦR ≃ v2


2s2βλq sβcβλqℓ sβcβǫµλqℓ sβcβǫeλqℓ
sβcβλqℓ − m˜
2
Φ
v2
ǫµ + 2c
2
βλℓ
m˜2Φ
v2
m˜2Φ
v2
sβcβǫµλqℓ
m˜2Φ
v2
− m˜2Φ
v2
1
ǫµ
m˜2Φ
v2
sβcβǫeλqℓ
m˜2Φ
v2
m˜2Φ
v2
− m˜2Φ
v2
1
ǫe

 ,
M2∆R ≃ v2


µ˜s2
β
+µc2
β
ǫ2µ√
2v∆τ
0 0
0
µ˜s2
β
+µc2
β
ǫ2e√
2v∆µ
0
0 0
µ˜s2
β
+µc2
β√
2v∆e

 , M2ΦR∆R ≃ −v2


√
2µ˜sβ
v
√
2µ˜sβ
v
√
2µ˜sβ
v
0 0
√
2µcβ
v√
2µcβǫµ
v
0 0
0
√
2µcβǫe
v
0

 ,
(II.14)
where ǫµ,e = mµ,e/mτ . Similarly, each of the mass matrix for the CP-odd scalar bosons
and that for the singly-charged scalar bosons in the basis of (zq, zτ , zµ, ze,∆
I
τ ,∆
I
µ,∆
I
e) and
(φ±q , φ
±
τ , φ
±
µ , φ
±
e ,∆
±
τ ,∆
±
µ ,∆
±
e ) can be expressed by
M2I =

 M2ΦI M2ΦI∆I
(M2ΦI∆I )
T M2∆I

 , M2± =

 M2Φ+ M2Φ+∆+
(M2Φ+∆+)
T M2∆+

 , (II.15)
where M2ΦI (M
2
Φ+
), M2∆I (M
2
∆+
) andM2ΦI∆I (M
2
Φ+∆+
) are the sub-matrix forM2I (M
2
+) which
are 4× 4, 3× 3 and 4× 3, respectively. Each sub-matrix can be obtained as
M2ΦI ≃


2
√
2µ˜
∑e,µ,τ
a v∆a 0 0 0
0 −m˜2Φǫµ + 2
√
2µv∆e m˜
2
Φ m˜
2
Φ
0 m˜2Φ − m˜
2
Φ
ǫµ
+ 2
√
2µv∆τ m˜
2
Φ
0 m˜2Φ m˜
2
Φ − m˜
2
Φ
ǫe
+ 2
√
2µv∆µ

 ,
M2∆I = M
2
∆R
, M2ΦI∆I = M
2
ΦR∆R
, (II.16)
8and
M2Φ+ ≃
1
2
λ±v
2


−c2β(1 + ǫ2µ + ǫ2e) 12s2β 12s2βǫµ 12s2βǫe
1
2
s2β −s2β 0 0
1
2
s2βǫµ 0 −s2β 0
1
2
s2βǫe 0 0 −s2β

+M
2
ΦI
(µ→ µ/2, µ˜→ µ˜/2),
M2∆+ =M
2
∆R
, M2Φ+∆+ =
1√
2
M2ΦR∆R. (II.17)
One can find that the eigenvectors belonging to the NG modes G0 and G± are given as
~vG0 = (v
2 + 2
∑
a
v2∆a)
−1/2(vq, vτ , vµ, ve, 2v∆τ , 2v∆µ, 2v∆e), (II.18)
~vG+ = v
−1(vq, vτ , vµ, ve,
√
2v∆τ ,
√
2v∆µ,
√
2v∆e). (II.19)
We can construct the unitary matrices which make M2I and M
2
+ to be the block diagonal
forms by using ~vG0 , ~vG+ and those orthogonal vectors, in which the NG modes are decoupled
from the physical scalar states. We do not show explicitly these unitary matrices, because
their analytic formulae are too complicated to show in the paper.
Under v∆ ≪ v which is required by the rho parameter data, the diagonal elements ofM2∆R
become much larger than elements in M2ΦR∆R . In that case, the diagonalization matrices for
M2R, M
2
I and M
2
+ are given as a block diagonal form like 4 × 4 and 3 × 3, so that we can
separately consider the mass eigenstates which are mainly composed of doublets from those
of triplets. We then define the mass eigenstates for the CP-even, CP-odd and singly-charged
scalar bosons as follows

hq
hτ
hµ
he

 = UR


h
Hτ
Hµ
He

 ,


zq
zτ
zµ
ze

 = UI


G0
Aτ
Aµ
Ae

 ,


φ+q
φ+τ
φ+µ
φ+e

 = U+


G+
H+τ
H+µ
H+e

 . (II.20)
The masses for the Higgs bosons can be calculated as
UTRM
2
ΦR
UR = diag(m
2
h, m
2
Hτ , m
2
Hµ , m
2
He), (II.21)
UTI M
2
ΦI
UI = diag(0, m
2
Aτ , m
2
Aµ , m
2
Ae), (II.22)
UT+M
2
Φ+U+ = diag(0, m
2
H+τ
, m2
H+µ
, m2
H+e
). (II.23)
9Approximately, the masses for the Higgs bosons can be expressed in the case of v∆τ = v∆µ =
v∆e = v∆ as
m2h ≃ (M¯2ΦR)11c2α + (M¯2ΦR)22s2α + 2(M¯2ΦR)12cαsα, (II.24)
m2Hτ ≃ (M¯2ΦR)11s2α + (M¯2ΦR)22c2α − 2(M¯2ΦR)12cαsα, (II.25)
m2Aτ ≃ 2
√
2µv∆
[
1− µc
2
β
µ˜s2β + µc
2
β
]
, (II.26)
m2
H+τ
≃
√
2µv∆ − λ±
2
v2s2β −
√
2v∆
µ˜s2β + µc
2
β
[λ2±
8
v2s4β + µ
2c2β
]
, (II.27)
m2Hµ,e ≃ m2Aµ,e ≃ m2H+µ,e ≃ −
m˜2Φ
ǫµ,e
, (II.28)
with
(M¯2ΦR)11 = 2v
2s2β
[
λq −
√
2v∆(s
2
βλ
2
q +
µ˜2
v2
)
( 1
µ˜s2β + µc
2
β
+
2
µ˜s2β
)]
, (II.29)
(M¯2ΦR)22 = −m˜2Φǫµ + 2v2c2β
[
λℓ −
√
2v∆
c2βλ
2
ℓ + µ
2/v2
µ˜s2β + µc
2
β
]
, (II.30)
(M¯2ΦR)12 = v
2cβsβ
[
λqℓ −
√
2v∆
(1
2
sβcβλ
2
qℓ +
2µ˜2tβ
v2
)( 1
µ˜s2β + µc
2
β
+
2
µ˜s2β
)]
, (II.31)
tan 2α = − 2(M
2
ΦR
)12
(M2ΦR)11 − (M2ΦR)22
. (II.32)
In addition, first 2× 2 part of the unitary matrices are written as
U11R ≃ cα, U12R ≃ sα, U21R ≃ −sα, U22R ≃ cα (II.33)
U11I,+ ≃ sβ, U12I,+ ≃ cβ, U21I,+ ≃ cβ, U22I,+ ≃ −sβ . (II.34)
We note that m2Aτ is dominantly proportional to µv∆, so that µ should be taken to be as
large as O(1) TeV and v∆ to be of O(1) GeV to compensate the tiny triplet VEV. Moreover,
if one assumes that the mass of ∆ is of O(1) TeV, µ should be at most of O(1) TeV, because
there is strong correlation between v∆ and µ, v∆ ∼ µv2/m2∆, as is often the case with the
usual type-II seesaw.
The mass matrix for the doubly-charged scalar states is expressed by the 3 × 3 form,
because they purely come from the triplet Higgs fields. In the basis of (∆±±τ ,∆
±±
µ ,∆
±±
e ),
the mass matrix is the same as M2∆R given in Eq. (II.14). Their squared mass eigenvalues
are typically determined by (µ+ µ˜)v2/v∆, so that these are (O(1) TeV)2 as long as we take
v∆ = O(1) GeV and µ, µ˜ = O(1) TeV.
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FIG. 1: Neutrino mass generation via the three-loop level diagram. The particles indicated by a
red font have the opposite Z2 charge to those by a black font.
In the following discussion, we treat h as the SM-like Higgs boson which should be
identified to be a new boson discovered at LHC with the mass of 126 GeV.
C. Neutrino mass matrix
In this subsection, we discuss neutrino masses which are induced at three-loop level as
well as at tree level. First, the tree-level mass matrix for neutrinos M
(0)
ν is given through
Eq.(II.3) as
M (0)ν =
y∆√
2


0 v∆τ v∆µ
v∆τ 0 v∆e
v∆µ v∆e 0

 . (II.35)
When v∆τ = v∆µ, the Pontecorvo-Maki-Nakagawa-Sakata matrix at the tree level U
(0) is
given by
U (0) =


−(ae +√aeτ )/
√
+ −(ae −√aeτ )/
√− 0
2aτ/
√
+ 2aτ/
√− −1/√2
2aτ/
√
+ 2aτ/
√− 1/√2

 , (II.36)
and it diagonalizes M
(0)
ν as
U (0)TM (0)ν U
(0) = diag ((ae −√aeτ )/2, (ae +√aeτ )/2, − ae) , (II.37)
where
aℓ =
y∆√
2
v∆ℓ, aeτ ≡ a2e + 8a2τ ,
√± =
√
8a2τ + (ae ±
√
aeτ )2. (II.38)
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U
(0)
e3 = 0 and the maximal mixing are originated from the condition v∆τ = v∆µ. However,
this condition can be relaxed to obtain non-zero Ue3 and observed value of θ12(23) at 3σ
range. As mentioned before, we take v∆ = O(1) GeV to obtain the phenomenologically
enough large mass for Aτ , so that y∆ = O(10−10) is required to reproduce mν = O(0.1) eV.
Since there exist only three parameters in Eq. (II.35), one cannot derive all observables in
neutrino sector. Therefore, one has to take loop-level mass matrices into account.
Next, we discuss loop level neutrino masses. The tree level mass matrix does not have
non-zero diagonal entries and neutrino observables cannot be derived at tree level. Therefore
we focus on diagonal elements induced by loop diagrams. To achieve it, we summarize how
to generate Majorana neutrino mass matrix by Yukawa interactions given in Eqs. (II.1) and
(II.3) as listed in the following:
(i) Each ∆ attached on the fermion line gives one y∆ = O(10−10).
(ii) Odd number of ∆s should be attached on the fermion line for lepton number violation.
(iii) At least, three ∆s should be attached on the fermion line in order to generate diagonal
elements of neutrino mass matrix, because ∆ changes the lepton flavor, while Φ does
not. If only one ∆ is attached, it always gives off-diagonal elements of neutrino mass
matrix.
(iv) On fermion line between Φ and ∆, chirality suppression occurs.
Along these lines of thought, one finds that the sizable contributions to diagonal elements
are given at three-loop level shown in Fig. 1, and its magnitude can be estimated as5
M (3)ν ∼
1
(16π2)3
y3∆µ
3
η
m2η
m4∆
= O(0.1) eV, (II.39)
where µη is the dimensionful coupling associated with the T7 invariant term defined in
Eq. (II.10), and mη and m∆ are the typical η and ∆ masses; mη = O(108) GeV and
m∆ = O(1) TeV, respectively. Notice here that the mass parameter µη, which is taken to be
O(108) GeV, contributes only to the η masses, since η do not mix with Φ and ∆ due to the
inert property. Hence one can take arbitrarily large value for µη with no effects to masses
5 The exact form is found in Appendix B.
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of Φ and ∆ 6. As a result, we can reproduce observed neutrino masses ∼ O(0.1) eV and the
mixing data because of many parameters, as can be seen in Appendix B. As for the other
contributions up to three-loops, see Appendix C.
III. HIGGS PHENOMENOLOGIES
In this section, we discuss the collider phenomenology of the Higgs bosons. This model
can be effectively regarded as the so-called Type-X or lepton specific THDM [19, 20], in which
one of the two Higgs doublets couples to quarks and the other one couples to leptons. To
see this, we write down the interaction terms in the Yukawa Lagrangian given in Eqs. (II.1)
and (II.2) in terms of the mass eigenstates of the Higgs bosons as follows
LY =
mτ
vcβ
∑
ℓ=e,µ,τ
[
ℓ¯ℓ(hU ℓ1R +HτU
ℓ2
R +HµU
ℓ3
R +HeU
ℓ4
R ) + iℓ¯γ5ℓ(AτU
ℓ2
I + AµU
ℓ3
I + AeU
ℓ4
I )
]
+
√
2mτ
vcβ
[ν¯ℓPRℓ(H
+
τ U
ℓ2
+ +H
+
µ U
ℓ3
+ +H
+
e U
ℓ4
+ ) + h.c.]
+
mq
vsβ
[
q¯q(hU11R +HτU
12
R +HµU
13
R +HeU
14
R ) + Sign(q)iq¯γ5q(AτU
12
I + AµU
13
I + AeU
14
I )
]
+
√
2
vsβ
[
u¯(mdPR −muPL)d(H+τ U12+ +H+µ U13+ +H+e U14+ ) + h.c.
]
, (III.1)
where Sign(q)=1 (−1) for q = d (q = u), and the projection operators are PL = (1− γ5)/2
and PR = (1 + γ5)/2. From the above expression, the ratio of the Yukawa coupling in our
model to that in the SM, chff , and the similar rate of the gauge coupling chV V for h can be
calculated as
chqq¯ =
U11R
sβ
≃ cα
sβ
, chττ =
U21R
cβ
≃ −sα
cβ
, chµµ =
U31R
cβǫµ
, chee =
U41R
cβǫe
,
chV V = sβU
11
R + cβU
21
R ≃ sin(β − α). (III.2)
6 This is, in a sense, a fine-tuning that one has to tune the bare mass of ∆ to cancel the large loop
contribution from η in order to obtain the small physical mass of ∆. This is similar to the renormalization
of the Higgs boson mass in the SM if the cutoff scale is assumed to be a large scale such as the grand
unification scale or Planck scale. We expect that such a fine-tuning problem may be able to be solved
by extending our model to the supersymmetric theory. We would like to thank the referee to draw our
attention to such kind of matter.
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The SM-like limit, in which the coupling constants of h are the same as those in the SM
Higgs boson, can be obtained by taking the following limit
U11R → sβ , U21R → cβ. (III.3)
By using α, this limit can also be approximately expressed as sin(β − α) → 1 which is the
same form known in the THDMs with a softly broken discrete Z2 symmetry. In the SM-like
limit, factors of the vertices among the lightest extra Higgs bosons (Hτ , Aτ and H
±
τ ) and
fermions are calculated by
(Hτττ) :
U22R
cβ
≃ tanβ, (Hτuu¯) : −U
12
R
cβ
≃ cotβ, (Hτdd¯) : U
12
R
cβ
≃ − cot β,
(Aτ ττ) :
U22I
cβ
≃ − tan β, (Aτuu¯) : −U
12
I
cβ
≃ − cot β, (Aτdd¯) : U
12
I
cβ
≃ cotβ,
(H+τ τ
−ν) :
U22+
cβ
≃ − tanβ, (H+τ du¯) :
U12+
sβ
≃ cotβ. (III.4)
It can be seen from the above expressions that the lepton (quark) couplings can be enhanced
(suppressed) in the case with large tan β. This feature in our model is very similar to that
of the Type-X THDM.
A. Current experimental constraints
We here consider constraints from the current experimental data. As we discussed in the
previous subsection, phenomenology of the lightest extra Higgs bosons (Hτ , Aτ and H
±
τ )
can be regarded as that in the Type-X THDM, so that the current experimental bound can
be applied to our model in the similar way as that in the Type-X THDM. We take into
account the following constraints.
1. At the LEP direct search experiment, masses for extra CP-odd, CP-even and charged
Higgs bosons have been constrained from below by 93.4 GeV, 92.8 GeV and 79.3 GeV,
respectively, with the 95% confidence level in supersymmetric (SUSY) models [57].
2. From the B physics experiments, the mass of charged Higgs bosons mH+ is strongly
constrained in multi-doublet models. For example, from the B → Xsγ data, the lower
limit of mH+ has been given by 295 GeV [58] with the 95% confidence level in the
Type-II THDM with tan β & 2. However, this constraint turns out to be quite weak in
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the Type-I and Type-X THDMs; i.e., mH+ = 100 GeV with tan β & 3 is allowed with
the 95% confidence level as shown in Ref. [19, 20, 59]. The other processes including
the B meson such as B → τν, B → Dτν, etc. give milder bounds compared to that
from the B → Xsγ process7 in the Type-X THDM.
3. At LHC, the ATLAS and the CMS Collaborations have reported the signal strength
for a Higgs boson like particle with the mass of around 126 GeV. So far, five decay
modes of the Higgs boson have been mainly analyzed, those are h → γγ, h → ZZ∗,
h → WW ∗, h → bb¯ and h → ττ . Their signal strengths are consistent with the
prediction in the SM within the two-sigma level [61, 62]. Thus, the parameter regions
which give the SM-like limit explained in Eq. (III.3) are also allowed in our model.
4. The extra neutral Higgs bosons in the minimal SUSY SM (MSSM); i.e., the CP-even
Higgs boson H and the CP-odd Higgs boson A have been searched by using the τ
pair decay mode in the gluon fusion process gg → H/A→ ττ and the bottom quark
associated process gg → bb¯H/A → bb¯ττ [63, 64] by using the data collected at LHC
with the collision energy to be 7 TeV. When the mass of the CP-odd Higgs boson mA
is taken to be from 110 GeV to 150 GeV, the 95% confidence level lower limit for tan β
has been obtained to be about 10 in Ref. [63]. Although the Higgs sector in the MSSM
corresponds to the Type-II THDM, this constraint cannot be simply applied to the
non-SUSY Type-II THDM due to SUSY relations. Understanding this, let us assume
that the 95% confidence level upper limit for the cross section of gg → bb¯H/A→ bb¯ττ
and gg → bb¯H/A → bb¯ττ is given by these cross sections calculated in the Type-II
THDM with the case of 110 < mA(= mH) < 150 GeV, sin(β−α) = 1 and tan β = 10.
The cross section can be calculated by
σType-II95 =
∑
Φ0=H,A
[σgg→Φ0 + σgg→bb¯Φ0 ]× BR(Φ0 → ττ)
=
∑
Φ0=H,A
[
σgg→hSM
ΓΦ0→gg
ΓhSM→gg
+ σgg→bb¯hSM tan
2 β
]
× BR(Φ0 → ττ), (III.5)
7 Recently, BaBar Collaboration has reported data on the ratios BR(B → D∗τν)/BR(B → D∗ℓν) and
BR(B → Dτν)/BR(B → Dℓν) (ℓ = e, µ) that deviate from the SM expectations by 2.7σ and 2.0σ, re-
spectively, and their combined deviation is 3.4σ [60]. These deviations cannot be simultaneously explained
by the contributions of the charged Higgs boson in the softly-broken Z2 symmetric THDMs.
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mΦ0 [GeV] σgg→hSM [pb] [67] σgg→bb¯hSM [pb] σ
Type-II
95 [pb] tan β
110 19.8 0.212 5.60 2.5
120 16.7 0.155 4.00 2.9
130 14.2 0.116 2.93 3.2
140 12.2 0.089 2.20 3.6
150 10.6 0.068 1.67 3.8
TABLE II: Cross sections with the collision energy to be 7 TeV at LHC and the lower limit for
tan β in the Type-X THDM. In the Second and third columns, the cross sections of gg → hSM and
gg → bb¯hSM processes in the SM are given in the case where the SM Higgs boson mass is taken to
be mΦ0 . The former cross section is referred from [67], and the latter one is calculated by using
MadGraph5 [68]. In each mΦ0 , σ
Type-II
95 is calculated by using Eq. (III.5) in the Type-II THDM with
tan β = 10. The numbers displayed in the last column show the lower limit for tan β in the Type-X
THDM by using σType-II95 at the 95% confidence level.
where each of σgg→Φ0 (σgg→hSM) and σgg→bb¯Φ0 (σgg→bb¯hSM) is the cross sections of the
gg → Φ0(hSM) and gg → bb¯Φ0(bb¯hSM) processes with hSM being the SM Higgs boson
whose mass is taken to be the same as the mass of Φ0. In the Type-X THDM,
BR(Φ0 → ττ) can be almost 100% when tan β & 2. On the other hand, the quark
couplings with H and A are proportional to cotβ, so that the cross section can be the
maximal value at around tanβ ≃ 2 [19]. In Tab. II, the lower limit for the value of
tan β in the Type-X THDM in the case with sin(β − α) = 1 and mA = mH = mΦ0
is listed, which is obtained by imposing the upper limit for the cross section given
in Eq. (III.5). We note that this constraint for tanβ can be relaxed when the mass
degeneracy in A and H is not assumed.
5. The charged Higgs boson H± in the MSSM has been searched from the top quark
decay t→ H±b at LHC. In Refs. [65, 66], the excluded regions at the 95% confidence
level in the tan β-mH+ plane are shown. However, in the Type-X THDM, the decay
rate of t → H±b is suppressed by the factor of cot2 β [19, 20], so that the constraint
from the top decay becomes much weaker than that obtained in the MSSM.
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According to the above constraints, we here give an example of the allowed parameter
set as
v∆τ = v∆µ = v∆e = 2.2 GeV, µ = 3 TeV, µ˜ = 300 GeV, m˜
2
Φ = −(100 GeV)2, (III.6)
λq = 0.19, λℓ = 5, λqℓ = −0.035, λ± = −1, tan β = 3.98. (III.7)
We then obtain the following outputs
(mh, mHτ , mHµ , mHe) = (126 GeV, 172 GeV, 411 GeV, 6076 GeV), (III.8)
UR =


0.966 −0.257 4.69× 10−4 0
0.256 0.964 0.0713 2.71× 10−4
0.0187 0.0688 −0.997 2.72× 10−4
7.43× 10−5 2.80× 10−4 −2.52× 10−4 −1.

 . (III.9)
(mG0 , mAτ , mAµ , mAe) = (0, 110 GeV, 433 GeV, 6077 GeV), (III.10)
UI =


0.969 0.244 0.000646 0
0.244 −0.968 0.0568 2.71× 10−4
0.0145 −0.0550 −0.998 2.72× 10−4
6.70× 10−5 −2.77× 10−4 −2.56× 10−4 −1

 , (III.11)
(mG+ , mH+τ , mH+µ , mH+e ) = (0, 191 GeV, 455 GeV, 6079 GeV), (III.12)
U+ =


0.969 −0.244 0.000333 0
0.244 0.968 0.0580 2.71× 10−4
0.0145 0.0562 −0.998 2.72× 10−4
7.00× 10−5 2.77× 10−4 −2.56× 10−4 −1

 . (III.13)
As it can be seen the value of elements in UR, this set is one of the realizations of the
SM-like limit defined in Eq. (III.3). The masses of the triplet-like Higgs bosons whose
components are mainly from the triplet Higgs field (∆τ , ∆µ and ∆e) including the doubly-
charged Higgs bosons are around 2-3 TeV. These magnitudes are typical in our model,
because the (squared) triplet-like Higgs boson masses are given like (µ + µ˜)v2/v∆ as we
discussed in the previous section, and µ, µ˜ (v∆) have to be of order 1 TeV (1 GeV) to raise
the Aτ mass.
Finally, we comment on collider signatures of extra Higgs bosons. Although the existence
of the doubly-charged Higgs bosons can be a clear signature of the model, their masses are
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too heavy to directly produce at LHC. Thus, we focus on the extra CP-even, CP-odd and
singly-charged Higgs bosons. Phenomenology of these lightest Higgs bosons are similar to
those in the Type-X THDM, and detailed studies of their collider signatures have been
analyzed in Ref. [19, 69] at LHC and the International Linear Collider, based on the τ
specific nature of them. Therefore, we consider the collider signature of the second lightest
extra Higgs bosons; namely, Aµ, Hµ and H
±
µ at LHC. They can dominantly couple to the
muon, because their magnitude are determined by U33R,I,+ whose values are almost unity;
e.g., in the parameter sets given in the above, we obtain U33R = −0.997, U33I = −0.998 and
U33+ = −0.998. When we neglect decay modes of a scalar to lighter two scalars such as
Hµ → hh, the decay branching fractions of Hµ → µ+µ−, Aµ → µ+µ− and H±µ → µ±ν are
almost 100%. In such a case, the tetra-muon process pp → Z∗ → AµHµ → µ+µ−µ+µ−,
the tri-muon process pp → W ∗ → Aµ/HµH±µ → µ+µ−µ±ν and the di-muon process pp →
Z∗/γ∗ → H+µ H−µ → µ+µ−νν can be signals of the model. At LHC with the collision energy
of 14 TeV, the cross sections are 0.87 fb for the tetra-muons, 2.8 fb for the tri-muon and
0.68 fb for the di-muon processes in the case with the above parameter sets, which are
obtained by using CalcHEP3.4.2 [70] and the CTEQ6L parton distribution functions. We
would like to emphasize that simultaneous observations of the signature expected in the
Type-X THDM and multi-muon signatures from the muon specific Higgs bosons (Hµ, Aµ
and H±µ ) are important to test our model.
IV. CONCLUSIONS
We have constructed a loop-induced neutrino mass model and analyzed Higgs phe-
nomenologies with T7 flavor symmetry in a renormalizable theory. In our model, we have
shown that observed neutrinos and their mixings can be generated through a three-loop
level diagram (that derives their diagonal elements) in combination with the type-II seesaw
(that derives their off-diagonal elements). Also we have analyzed the Higgs phenomenology
which can be reduced to that in the Type-X THDM, and found a benchmark point which
is consistent with several constraints by the current experiments at such as LHC. Since
the second lightest CP-odd, -even and charged Higgs bosons mainly decay into muons, our
model is testable by observing multi-muon signatures.
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Appendix A: Details for the Higgs sector
In this appendix, we give the detailed expressions for the Higgs potential, tadpole condi-
tions and mass matrices for the Higgs bosons in the flavor indices (1, 2, 3), which correspond
to (τ, e, µ) in the main text.
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1. Higgs potential
The most general T7 invariant Higgs potential is given as follows
VHiggs = m
2
1Φ
†
aΦa +m
2
2Φ
†
qΦq +m
2
3Tr(∆
†
a∆a) +m
2
4η
†
aηa
+ µ(ΦT3 iτ2∆
†
1Φ3 + Φ
T
1 iτ2∆
†
2Φ1 + Φ
T
2 iτ2∆
†
3Φ2 + h.c.)
+ µη(η
T
1 iτ2∆
†
2η3 + η
T
2 iτ2∆
†
3η1 + η
T
3 iτ2∆
†
1η2 + h.c.)
+ λ
(1)
1 (Φ
†
aΦa)
2 + λ
(2)
1 (ω
2(a−1)Φ†aΦa)(ω
b−1Φ†bΦb) + λ
(4)
1 (|Φ†1Φ2|2 + |Φ†2Φ3|2 + |Φ†3Φ1|2)
+ λ
(1)
2 (η
†
aηa)
2 + λ
(2)
2 (ω
2(a−1)η†aηa)(ω
b−1η†bηb) + λ
(4)
2 (|η†1η2|2 + |η†2η3|2 + |η†3η1|2)
+ λ
(1)
3 (Φ
†
aΦa)(η
†
bηb) + λ
(2)
3 [(ω
2(a−1)Φ†aΦa)(ω
b−1η†bηb) + h.c.]
+ λ
(4)
3 [(Φ
†
1Φ2)(η
†
1η2) + (Φ
†
2Φ3)(η
†
2η3) + (Φ
†
3Φ1)(η
†
3η1) + h.c.]
+ λ
(1)
4 (Φ
†
aηb)(η
†
bΦa) + λ
(2)
4 [ω
2(a−1)ωb−1(Φ†aηb)(η
†
bΦa) + h.c.]
+ λ
(4)
4 [(Φ
†
2η1)(η
†
2Φ1) + (Φ
†
3η2)(η
†
3Φ2) + (Φ
†
1η3)(η
†
1Φ3) + h.c.]
+ λ
(1)
5 [(Φ
†
1η2)(Φ
†
2η2) + (Φ
†
2η3)(Φ
†
3η3) + (Φ
†
3η1)(Φ
†
1η1) + h.c.]
+ λ
(2)
5 [(Φ
†
2η1)(Φ
†
2η2) + (Φ
†
3η2)(Φ
†
3η3) + (Φ
†
1η3)(Φ
†
1η1) + h.c.]
+ λ
(1)
6 [Tr(∆
†
a∆a)]
2 + λ
(2)
6 Tr(ω
2(a−1)∆†a∆a)Tr(ω
b−1∆†b∆b)
+ λ
(4)
6 [Tr(∆
†
2∆1)Tr(∆
†
1∆2) + Tr(∆
†
3∆2)Tr(∆
†
2∆3) + Tr(∆
†
1∆3)Tr(∆
†
3∆1)] + λ7Det(∆
†
a∆a)
+ λ
(1)
8 (Φ
†
aΦa)(Φ
†
qΦq) + λ
(2)
8 (Φ
†
aΦq)(Φ
†
qΦa) + λ
(1)
9 (η
†
aηa)(Φ
†
qΦq) + λ
(2)
9 (η
†
aΦq)(Φ
†
qηa) + λ10(Φ
†
qΦq)
2
+ a
(1)
1 Tr(∆
†
a∆a)(η
†
bηb) + a
(2)
1 [Tr(ω
2(a−1)∆†a∆a)(ω
b−1η†bηb) + h.c.]
+ a
(4)
1 [Tr(∆
†
1∆2)(η
†
1η2) + Tr(∆
†
2∆3)(η
†
2η3) + Tr(∆
†
3∆1)(η
†
3η1) + h.c.]
+ a
(1)
2 Tr(∆
†
a ·∆a)(η†b · ηb) + a(2)2 [Tr(ω2(a−1)∆†a ·∆a)(ωb−1η†b · ηb) + h.c.]
+ a
(4)
2 [Tr(∆
†
1 ·∆2)(η†1 · η2) + Tr(∆†2 ·∆3)(η†2 · η3) + Tr(∆†3 ·∆1)(η†3 · η1) + h.c.]
+ b
(1)
1 Tr(∆
†
a∆a)(Φ
†
bΦb) + b
(2)
1 [Tr(ω
2(a−1)∆†a∆a)(ω
b−1Φ†bΦb) + h.c.]
+ b
(4)
1 [Tr(∆
†
1∆2)(Φ
†
2Φ1) + Tr(∆
†
2∆3)(Φ
†
3Φ2) + Tr(∆
†
3∆1)(Φ
†
1Φ3) + h.c.]
+ b
(1)
2 Tr(∆
†
a ·∆a)(Φ†b · Φb) + b(2)2 [Tr(ω2(a−1)∆†a ·∆a)(ωb−1Φ†b · Φb) + h.c.]
+ b
(4)
2 [Tr(∆
†
1 ·∆2)(Φ†2 · Φ1) + Tr(∆†2 ·∆3)(Φ†3 · Φ2) + Tr(∆†3 ·∆1)(Φ†1 · Φ3) + h.c.]
+ c1Tr(∆
†
a∆a)(Φ
†
qΦq) + c2Tr(∆
†
a ·∆a)(Φ†q · Φq), (A.1)
where · ≡ τi. When terms with indices a and b appear in the potential, they are summed
over a, b = 1, 2, 3. We give the correspondence between the dimensionless coupling constants
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defined in Eq. (A.1) and those defined in the main text as
λ
(1)
1 = λℓ1, λ
(2)
1 = λℓ2, λ
(4)
1 = λ±, λ
(1)
8 = λqℓ1, λ
(2)
8 = λqℓ2, λ10 = λq. (A.2)
In addition to this, we introduce the following soft breaking terms
Vsoft = m˜
2
1aΦ
†
aΦa + m˜
2
3aTr(∆
†
a∆a) + m˜
2
4aη
†
aηa
+ m˜2Φ(Φ
†
1Φ2 + Φ
†
2Φ3 + Φ
†
3Φ1 + h.c.) + m˜
2
η(η
†
1η2 + η
†
2η3 + η
†
3η1 + h.c.)
+ µ˜(ΦTq iτ2∆
†
aΦq + h.c.), (A.3)
which reduce the T7 symmetry to Z3. Although the general soft breaking terms of the T7
symmetry contain more mass terms8, we assume the minimal breaking of T7 to Z3 that
corresponds to cyclic permutation ϕ1 → ϕ2 → ϕ3 → ϕ1 of each T7 triplet.
2. Tadpole conditions
Hereafter we define linear combinations of coupling constants as
λ
(124)
1 ≡ 2λ(1)1 − λ(2)1 + λ(4)1 , λ(1+2)8 ≡ λ(1)8 + λ(2)8 , c1+2 ≡ c1 + c2, etc.
8 Notice that Eq. (A.3) is not general Z3 symmetric term. For instance, [Φ
†
q(Φ1 + Φ2 + Φ3) + h.c.] and
[Tr(∆†1∆2) + Tr(∆
†
2∆3) + Tr(∆
†
3∆1) + h.c.] are allowed by the Z3 symmetry.
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Neglecting terms of O(v2∆), the tadpole conditions for each VEVs defined by Eqs. (II.4) and
(II.5) are written as follows
m22 ≃ −λ10v2q −
1
2
λ
(1+2)
8
(
v21 + v
2
2 + v
2
3
)
+
√
2µ˜ (v∆1 + v∆2 + v∆3) ,
m˜211 +m
2
1 ≃ −
v2 + v3
v1
m˜2Φ −
1
2
[
λ
(1+2)
8 v
2
q + 2λ
(1+2)
1 v
2
1 + λ
(124)
1
(
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2
3
)]
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2
[
λ
(1+2)
8 v
2
q + 2λ
(1+2)
1 v
2
3 + λ
(124)
1
(
v21 + v
2
2
)]
+
√
2µv∆1,
m˜231 +m
2
3 ≃
√
2(µv23 + µ˜v
2
q )
2v∆1
− 1
2
[
c1+2v
2
q +
(
b
(1)
1+2 + 2b
(2)
1+2
)
v21 +
(
b
(1)
1+2 − b(2)1+2
) (
v22 + v
2
3
)
+ b
(4)
1+2v1
v2v∆2 + v3v∆3
v∆1
]
,
m˜232 +m
2
3 ≃
√
2(µv21 + µ˜v
2
q )
2v∆2
− 1
2
[
c1+2v
2
q +
(
b
(1)
1+2 + 2b
(2)
1+2
)
v22 +
(
b
(1)
1+2 − b(2)1+2
) (
v23 + v
2
1
)
+ b
(4)
1+2v2
v3v∆3 + v1v∆1
v∆2
]
,
m˜233 +m
2
3 ≃
√
2(µv22 + µ˜v
2
q )
2v∆3
− 1
2
[
c1+2v
2
q +
(
b
(1)
1+2 + 2b
(2)
1+2
)
v23 +
(
b
(1)
1+2 − b(2)1+2
) (
v21 + v
2
2
)
+ b
(4)
1+2v3
v1v∆1 + v2v∆2
v∆3
]
.
3. Scalar mass matrices
We write down the explicit form of scalar mass matrices. Although Φ and ∆ mix with
each other except the doubly charged components ∆±±, the inert doublets η do not. Again
we neglect terms of O(v2∆). The symbol (i, j) represents the (i, j) element of mass matrix.
φ0(1,2,3,q)R, ∆
0
(1,2,3)R
22
The elements for the CP-even scalar states are calculated as
(1, 1) ≃ −m˜2Φ
v2 + v3
v1
+ 2λ
(1+2)
1 v
2
1, (2, 2) ≃ −m˜2Φ
v3 + v1
v2
+ 2λ
(1+2)
1 v
2
2,
(3, 3) ≃ −m˜2Φ
v1 + v2
v3
+ 2λ
(1+2)
1 v
2
3, (4, 4) = 2λ10v
2
q ,
(1, 2) ≃ m˜2Φ + λ(124)1 v1v2, (1, 3) ≃ m˜2Φ + λ(124)1 v1v3, (2, 3) ≃ m˜2Φ + λ(124)1 v2v3,
(1, 4) = λ
(1+2)
8 v1vq, (2, 4) = λ
(1+2)
8 v2vq, (3, 4) = λ
(1+2)
8 v3vq,
(5, 5) ≃
√
2(µv23 + µ˜v
2
q )
2v∆1
− 1
2
b
(4)
1+2v1
v2v∆2 + v3v∆3
v∆1
,
(6, 6) ≃
√
2(µv21 + µ˜v
2
q )
2v∆2
− 1
2
b
(4)
1+2v2
v1v∆1 + v3v∆3
v∆2
,
(7, 7) ≃
√
2(µv22 + µ˜v
2
q )
2v∆3
− 1
2
b
(4)
1+2v3
v1v∆1 + v2v∆2
v∆3
,
(5, 6) ≃ 1
2
b
(4)
1+2v1v2, (5, 7) ≃
1
2
b
(4)
1+2v1v3, (6, 7) ≃
1
2
b
(4)
1+2v2v3,
(1, 5) ≃
(
b
(1)
1+2 + 2b
(2)
1+2
)
v1v∆1 +
1
2
b
(4)
1+2 (v2v∆2 + v3v∆3) ,
(1, 6) ≃ −
√
2µv1 +
(
b
(1)
1+2 − b(2)1+2
)
v1v∆2 +
1
2
b
(4)
1+2v2v∆1,
(1, 7) ≃
(
b
(1)
1+2 − b(2)1+2
)
v1v∆3 +
1
2
b
(4)
1+2v3v∆1,
(2, 5) ≃
(
b
(1)
1+2 − b(2)1+2
)
v2v∆1 +
1
2
b
(4)
1+2v1v∆2,
(2, 6) ≃
(
b
(1)
1+2 + 2b
(2)
1+2
)
v2v∆2 +
1
2
b
(4)
1+2 (v1v∆1 + v3v∆3) ,
(2, 7) ≃ −
√
2µv2 +
(
b
(1)
1+2 − b(2)1+2
)
v2v∆3 +
1
2
b
(4)
1+2v3v∆2,
(3, 5) ≃ −
√
2µv3 +
(
b
(1)
1+2 − b(2)1+2
)
v3v∆1 +
1
2
b
(4)
1+2v1v∆3,
(3, 6) ≃ +
(
b
(1)
1+2 − b(2)1+2
)
v3v∆2 +
1
2
b
(4)
1+2v2v∆3,
(3, 7) ≃
(
b
(1)
1+2 + 2b
(2)
1+2
)
v3v∆3 +
1
2
b
(4)
1+2 (v1v∆1 + v2v∆2) ,
(4, 5) = vq
(
c1+2v∆1 −
√
2µ˜
)
, (4, 6) = vq
(
c1+2v∆2 −
√
2µ˜
)
, (4, 7) = vq
(
c1+2v∆3 −
√
2µ˜
)
.
φ0(1,2,3,q)I , ∆
0
(1,2,3)I
The mass matrix for the CP-odd scalar states has a zero eigenvalue which corresponds to
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NG boson eaten by the Z boson. Each element is calculated by
(1, 1) ≃ −v2 + v3
v1
m˜2Φ + 2
√
2µv∆2, (2, 2) ≃ −v3 + v1
v2
m˜2Φ + 2
√
2µv∆3,
(3, 3) ≃ −v1 + v2
v3
m˜2Φ + 2
√
2µv∆1, (4, 4) = 2
√
2µ˜ (v∆1 + v∆2 + v∆3) ,
(1, 2) ≃ (1, 3) ≃ (2, 3) ≃ m˜2Φ, (1, 4) = (2, 4) = (3, 4) = 0,
(5, 5) ≃
√
2(µv23 + µ˜v
2
q )
2v∆1
− 1
2
b
(4)
1+2v1
v2v∆2 + v3v∆3
v∆1
,
(6, 6) ≃
√
2(µv21 + µ˜v
2
q )
2v∆2
− 1
2
b
(4)
1+2v2
v3v∆3 + v1v∆1
v∆2
,
(7, 7) ≃
√
2(µv22 + µ˜v
2
q )
2v∆3
− 1
2
b
(4)
1+2v3
v1v∆1 + v2v∆2
v∆3
,
(5, 6) ≃ 1
2
b
(4)
1+2v1v2, (5, 7) ≃
1
2
b
(4)
1+2v1v3, (6, 7) ≃
1
2
b
(4)
1+2v2v3,
(1, 5) ≃ −1
2
b
(4)
1+2 (v2v∆2 + v3v∆3) , (1, 6) ≃ −
√
2µv1 +
1
2
b
(4)
1+2v2v∆1, (1, 7) ≃
1
2
b
(4)
1+2v3v∆1,
(2, 5) ≃ 1
2
b
(4)
1+2v1v∆2, (2, 6) ≃ −
1
2
b
(4)
1+2 (v3v∆3 + v1v∆1) , (2, 7) ≃ −
√
2µv2 +
1
2
b
(4)
1+2v3v∆2,
(3, 5) ≃ −
√
2µv3 +
1
2
b
(4)
1+2v1v∆3, (3, 6) ≃
1
2
b
(4)
1+2v2v∆3, (3, 7) ≃ −
1
2
b
(4)
1+2 (v1v∆1 + v2v∆2) ,
(4, 5) = (4, 6) = (4, 7) = −
√
2µ˜vq.
φ±(1,2,3,q), ∆
±
(1,2,3)
Similar to the mass matrix for the CP-odd scalar states, that for the singly-charged scalar
states has a zero eigenvalue which corresponds to NG boson eaten by the W boson. Each
24
element is calculated by
(1, 1) ≃ −v2 + v3
v1
m˜2Φ −
1
2
[
λ
(4)
1
(
v22 + v
2
3
)
+ λ
(2)
8 v
2
q − 2
√
2µv∆2
]
,
(2, 2) ≃ −v3 + v1
v2
m˜2Φ −
1
2
[
λ
(4)
1
(
v23 + v
2
1
)
+ λ
(2)
8 v
2
q − 2
√
2µv∆3
]
,
(3, 3) ≃ −v1 + v2
v3
m˜2Φ −
1
2
[
λ
(4)
1
(
v21 + v
2
2
)
+ λ
(2)
8 v
2
q − 2
√
2µv∆1
]
,
(4, 4) ≃ −1
2
λ
(2)
8
(
v21 + v
2
2 + v
2
3
)
+
√
2µ˜ (v∆1 + v∆2 + v∆3) ,
(1, 2) ≃ m˜2Φ +
1
2
λ
(4)
1 v1v2, (1, 3) ≃ m˜2Φ +
1
2
λ
(4)
1 v3v1, (2, 3) ≃ m˜2Φ +
1
2
λ
(4)
1 v2v3,
(1, 4) =
1
2
λ
(2)
8 v1vq, (2, 4) =
1
2
λ
(2)
8 v2vq, (3, 4) =
1
2
λ
(2)
8 v3vq,
(5, 5) ≃
√
2(µv23 + µ˜v
2
q )
2v∆1
− 1
2
[(
b
(1)
2 + 2b
(2)
2
)
v21 + b
(1−2)
2
(
v22 + v
2
3
)
+ b
(4)
1+2
v1
v∆1
(v2v∆2 + v3v∆3) + c2v
2
q
]
,
(6, 6) ≃
√
2(µv21 + µ˜v
2
q )
2v∆2
− 1
2
[(
b
(1)
2 + 2b
(2)
2
)
v22 + b
(1−2)
2
(
v23 + v
2
1
)
+ b
(4)
1+2
v2
v∆2
(v3v∆3 + v1v∆1) + c2v
2
q
]
,
(7, 7) ≃
√
2(µv22 + µ˜v
2
q )
2v∆3
− 1
2
[(
b
(1)
2 + 2b
(2)
2
)
v23 + b
(1−2)
2
(
v21 + v
2
2
)
+ b
(4)
1+2
v3
v∆3
(v1v∆1 + v2v∆2) + c2v
2
q
]
,
(5, 6) ≃ 1
2
b
(4)
1 v1v2, (5, 7) ≃
1
2
b
(4)
1 v3v1, (6, 7) ≃
1
2
b
(4)
1 v2v3,
(1, 5) =
1√
2
(
b
(1)
2 + 2b
(2)
2
)
v1v∆1, (1, 6) = −µv1 + 1√
2
[
b
(1−2)
2 v1v∆2 + b
(4)
2 v2v∆1
]
,
(1, 7) =
1√
2
[
b
(1−2)
2 v1v∆3 + b
(4)
2 v3v∆1
]
,
(2, 5) =
1√
2
[
b
(1−2)
2 v2v∆1 + b
(4)
2 v1v∆2
]
, (2, 6) =
1√
2
(
b
(1)
2 + 2b
(2)
2
)
v2v∆2,
(2, 7) = −µv2 + 1√
2
[
b
(1−2)
2 v2v∆3 + b
(4)
2 v3v∆2
]
,
(3, 5) = −µv3 + 1√
2
[
b
(1−2)
2 v3v∆1 + b
(4)
2 v1v∆3
]
, (3, 6) =
1√
2
[
b
(1−2)
2 v3v∆2 + b
(4)
2 v2v∆3
]
,
(3, 7) =
1√
2
(
b
(1)
2 + 2b
(2)
2
)
v3v∆3,
(4, 5) = vq
(
1√
2
c2v∆1 − µ˜
)
, (4, 6) = vq
(
1√
2
c2v∆2 − µ˜
)
, (4, 7) = vq
(
1√
2
c2v∆3 − µ˜
)
.
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∆±±(1,2,3)
The elements of the mass matrix for the doubly-charged scalar states which are purely from
the triplet Higgs fields are given by
(1, 1) ≃
√
2(µv23 + µ˜v
2
q )
2v∆1
−
[(
b
(1)
2 + 2b
(2)
2
)
v21 + b
(1−2)
2
(
v22 + v
2
3
)
+
1
2
b
(4)
1+2
v1
v∆1
(v2v∆2 + v3v∆3)
]
,
(2, 2) ≃
√
2(µv21 + µ˜v
2
q )
2v∆2
−
[(
b
(1)
2 + 2b
(2)
2
)
v22 + b
(1−2)
2
(
v23 + v
2
1
)
+
1
2
b
(4)
1+2
v2
v∆2
(v3v∆3 + v1v∆1)
]
,
(3, 3) ≃
√
2(µv22 + µ˜v
2
q )
2v∆3
−
[(
b
(1)
2 + 2b
(2)
2
)
v23 + b
(1−2)
2
(
v21 + v
2
2
)
+
1
2
b
(4)
1+2
v3
v∆3
(v1v∆1 + v2v∆2)
]
,
(1, 2) ≃ 1
2
b
(4)
1−2v1v2, (1, 3) ≃
1
2
b
(4)
1−2v3v1, (2, 3) ≃
1
2
b
(4)
1−2v2v3.
η0(1,2,3)R
Since there are no tadpole conditions for ηa, the mass parameter m
2
4 is not vanished. The
elements are given with m24a = m
2
4 + m˜
2
4a by
(1, 1) ≃ m241 +
1
2
[
λ
(1)
3+4
(
v21 + v
2
2 + v
2
3
)
+ λ
(2)
3+4
(
2v21 − v22 − v23
)
+ 2λ
(1)
5 v3v1 + λ
(1+2)
9 v
2
q
]
,
(2, 2) ≃ m242 +
1
2
[
λ
(1)
3+4
(
v21 + v
2
2 + v
2
3
)
+ λ
(2)
3+4
(−v21 + 2v22 − v23)+ 2λ(1)5 v1v2 + λ(1+2)9 v2q] ,
(3, 3) ≃ m243 +
1
2
[
λ
(1)
3+4
(
v21 + v
2
2 + v
2
3
)
+ λ
(2)
3+4
(−v21 − v22 + 2v23)+ 2λ(1)5 v2v3 + λ(1+2)9 v2q] ,
(1, 2) ≃ m˜2η +
1
2
[
λ
(4)
3+4v1v2 + λ
(2)
5 v
2
2 −
√
2µηv∆3
]
,
(1, 3) ≃ m˜2η +
1
2
[
λ
(4)
3+4v3v1 + λ
(2)
5 v
2
1 −
√
2µηv∆2
]
,
(2, 3) ≃ m˜2η +
1
2
[
λ
(4)
3+4v2v3 + λ
(2)
5 v
2
3 −
√
2µηv∆1
]
.
η0(1,2,3)I
The mass matrix for CP-odd components of η0 is given by replacing λ
(1,2)
5 → −λ(1,2)5 and
µη → −µη, in the mass matrix of CP-even components given above.
η±(1,2,3)
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The elements for the singly-charged component of ηa are given by
(1, 1) ≃ m241 +
1
2
[
λ
(1)
3
(
v21 + v
2
2 + v
2
3
)
+ λ
(2)
3
(
2v21 − v22 − v23
)
+ λ
(1)
9 v
2
q
]
,
(2, 2) ≃ m242 +
1
2
[
λ
(1)
3
(
v21 + v
2
2 + v
2
3
)
+ λ
(2)
3
(−v21 + 2v22 − v23)+ λ(1)9 v2q] ,
(3, 3) ≃ m243 +
1
2
[
λ
(1)
3
(
v21 + v
2
2 + v
2
3
)
+ λ
(2)
3
(−v21 − v22 + 2v23)+ λ(1)9 v2q] ,
(1, 2) ≃ m˜2η +
1
2
λ
(4)
3 v1v2, (1, 3) ≃ m˜2η +
1
2
λ
(4)
3 v3v1, (2, 3) ≃ m˜2η +
1
2
λ
(4)
3 v2v3.
Appendix B: Three-loop Neutrino mass formula
Here we give the diagonal elements of neutrino mass matrix through three-loop level
diagram depicted in Fig.1 in the original flavor basis. Defining φ+β,γ to be singly-charged
bosons, it is written as
(Mν)
(3)
ii = −
4
(16π2)3
y3∆µ
3
η
3∑
j,k,ℓ=1
3∑
α=1
7∑
β,γ=1
|U |2 1
m2
φ+
β
−m2ei+2
1
m2
φ+γ
−m2ei+1
I,
where
I =
∫ 1
0
dxdydzδ(x+ y + z − 1)
∫ 1
0
dsdtduδ(s+ t + u− 1)
(
1− t− y
1− zu
)
1
z(1− z)A
×
∑
a=φ+
β
,ei+2
∑
b=φ+γ ,ei+1
(−1)a,b [(VR)2iℓ∆abR,iℓ ln∆abR,iℓ − (VI)2iℓ∆abI,iℓ ln∆abI,iℓ] ,
∆abR(I),iℓ =
1
2
m2a −
1
2A
[
sm2
∆++α
+ tm2b +
u
z(1 − z)
(
xm2
η+j
+ ym2ηR(I)ℓ + zm
2
η+
k
)]
,
A =
(
t+
y
1− zu
)2
− t− y(1− y)
z(1 − z)u,
U = (U ′+)5+i,β(U
′
+)6+i,γ(U∆)i,α(V+)i+1,k(V+)i+2,j,
and
(−1)a,b = +1 for (a, b) = (φ+β , φ+γ ), (ei+2, ei+1),
−1 for (a, b) = (φ+β , ei+1), (ei+2, φ+γ ).
The matrices U∆, VR(I) and V+ are diagonalization matrix of ∆
±±, ηR(I) and η±, respectively.
U ′+ is 7× 7 diagonalization matrix of singly-charged bosons.
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FIG. 2: Neutrino mass generation via one-loop radiative seesaw. There exist similar diagram with
replacing e→ ν, ∆+ → ∆0, Φ+ → Φ0.
FIG. 3: Zee-Babu like neutrino mass via two-loop radiative seesaw [22].
Appendix C: Other loops of Neutrino mass
In general, there exist several diagrams even up to two-loop level which generate neutrino
masses of our model. Representative diagrams are shown in Figs.2-5. Throughout these
figures, the same flavor indices of the two external neutrinos give the diagonal elements of
neutrino mass matrix. Otherwise they give the off-diagonal elements.
As a simple example, let us consider the one-loop level diagram shown in Fig.2. One
can obtain similar diagram by replacing e → ν, ∆+ → ∆0, Φ+ → Φ0 in the loop. These
diagrams contribute only to off-diagonal elements ofMν , and its magnitude is at most about
(1/(16π2))y∆yℓmτ = O(10−4) eV. This is enough smaller than the tree-level contribution
y∆v∆ = O(0.1) eV because chirality suppression occurs. As a result, one finds that it is
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FIG. 4: Rainbow-(lower panel) [31] and ring-(upper panel) [25] like neutrino mass via two-loop
radiative seesaw.
FIG. 5: Cocktail like Neutrino mass via three-loop radiative seesaw [53]. We restrict ourselves the
representative diagram.
negligible.
As another example, let us consider a contribution to diagonal elements from the two-loop
diagrams depicted in Fig.3 and Fig.4, in which the dominant one comes from the upper-
right panel in Fig.3. However the magnitude is at most (1/(16π2)2)y3∆µ = O(10−22) eV if
µ = O(1) TeV, which is also tiny enough. Therefore we neglect contributions from those
diagrams at all. Lastly, we have a three-loop contribution shown by Fig.5 that gives off-
diagonal elements, and we find that this is also too tiny to generate neutrino masses. See
Ref.[53] for details.
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